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It is shown that the boost-invariant and ylindrially non-symmetri hydrodynami equations
for baryon-free matter may be redued to only two oupled dierential equations. In the ase
where the system exhibits the ross-over phase transition, the standard numerial methods may be
applied to solve these equations and the proposed sheme allows for a very onvenient analysis of
the ylindrially non-symmetri hydrodynami expansion.
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I. INTRODUCTION
The suess of the hadron prodution models based
on the relativisti hydrodynamis [1, 2, 3, 4, 5, 6, 7℄ in
desribing the RHIC data brings the evidene that the
hot and dense matter produed at RHIC behaves like an
almost perfet uid [8℄. This situation, in turn, triggers
interest in the further development of the hydrodynami
models, espeially in the more detailed studies of the dis-
sipative eets [9, 10, 11℄. In this paper we onsider
the hydrodynamis of the perfet uid and show that
the boost-invariant and ylindrially non-symmetri rel-
ativisti hydrodynami equations for baryon-free matter
may be omfortably redued to only two oupled dieren-
tial equations. The eets of the ross-over phase transi-
tion may be inluded in this sheme by the use of the tem-
perature dependent sound veloity cs(T ). As long as the
funtion cs(T ) satises the stability ondition against the
shok formation, the resulting equations may be solved
with the help of standard numerial methods and the
proposed sheme allows for a very onvenient analysis
of the ylindrially non-symmetri hydrodynami expan-
sion. The proposed method may be used to desribe
the evolution of matter produed in the entral region of
ultra-relativisti heavy-ion ollisions, suh as investigated
in the present RHIC or future LHC experiments.
The presented formalism is a diret generalization
of the approah introdued by Baym, Friman, Blaizot,
Soyeur, and Czyz [12℄. In Ref. [12℄ the boost-invariant
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and ylindrially symmetri systems were onsidered,
and the numerial alulations were performed only for
the ase of the onstant sound veloity, c2s =
1
3
. The ef-
fets of the temperature dependent sound veloity were
inluded in Ref. [13℄, where also the possibility of the
non-zero initial transverse ow was onsidered in setting
up the initial onditions for the hydrodynami equations.
In this paper we further relax the assumptions of Ref. [12℄
by onsidering the ylindrially non-symmetri systems.
II. HYDRODYNAMIC EQUATIONS
The relativisti hydrodynami equations of the perfet
uid follow from the energy-momentum onservation law
and the assumption of the loal equilibrium. For baryon-
free matter they read
uµ∂µ(Tu
ν) = ∂νT, (1)
∂µ(su
µ) = 0, (2)
where T is the temperature, s is the entropy density, and
uµ = γ(1,v) is the four-veloity of the uid. Due to
the normalization of the four-veloity, only three out of
four equations appearing in (1) are independent. The as-
sumption of the boost-invariane introdues another on-
straint, hene, in this ase Eqs. (1) and (2) are redued
to three independent equations [14℄
∂
∂t
(rtsγ) +
∂
∂r
(rtsγv cosα) +
∂
∂φ
(tsγv sinα) = 0,
∂
∂t
(rTγv) + r cosα
∂
∂r
(Tγ) + sinα
∂
∂φ
(Tγ) = 0,
T γ2v
(
dα
dt
+
v sinα
r
)
− sinα
∂T
∂r
+
cosα
r
∂T
∂φ
= 0.
(3)
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FIG. 1: Deomposition of the ow veloity vetor in the plane
z = 0. In our approah we use the magnitude of the ow v
and the angle α as two independent quantities.
Here t, r =
√
x2 + y2, and φ = tan−1(y/x) are the
time and spae oordinates whih parameterize the plane
z = 0 (due to the boost-invariane of the system, the val-
ues of all physial quantities at z 6= 0 may be obtained
diretly by the Lorentz boosts). The quantity v is the
magnitude of the uid veloity, γ =
(
1− v2
)− 1
2
is the
orresponding Lorentz fator, while α is the funtion de-
sribing diretion of the ow, α = tan−1(vT /vR), see
Fig. 1. The dierential operator
d
dt in (3) is dened by
the formula
d
dt
=
∂
∂t
+ v cosα
∂
∂r
+
v sinα
r
∂
∂φ
. (4)
Equations (3) are three equations for four unknown
funtions: T , s, v, and α. To form a losed system of
equations they should be supplemented by the equation
of state, i.e., by the relation onneting T and s. Alter-
natively, the equation of state may be inluded by the
use of the temperature dependent sound veloity
c2s(T ) =
∂P
∂ǫ
=
s
T
∂T
∂s
, (5)
and by the use of the potential Φ(T ) dened by the equa-
tion
dΦ =
d lnT
cs
= csd ln s. (6)
The form of the funtion c2s(T ) used in our alulations
is shown in Fig. 2. This form, with Tc = 170MeV, follows
from mathing the lattie results with the hadron reso-
nane gas alulation [13, 15℄. We note that integration
of Eq. (6) allows us to express Φ in terms of the temper-
ature, Φ = ΦT (T ), or to express temperature in terms of
Φ, T = TΦ(Φ). The funtions ΦT (T ) and TΦ(Φ), orre-
sponding to the sound veloity funtion shown in Fig. 2,
are presented and disussed in more detail in Ref. [13℄.
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FIG. 2: Sound veloity squared shown as a funtion of the
temperature (with the ritial temperature Tc = 170 MeV).
The presented form is obtained by mathing the lattie results
with the resonane gas model alulation [13, 15℄. The ross-
over phase transition is onsidered, hene no sudden derease
(dip) of the sound veloity is observed at T = Tc.
The ondition against the shok formation has the form
[12, 16℄
1− c2s + csT
dcs
dT
=
d
dT
(s cs
T
)
≥ 0. (7)
We note that this ondition is naturally fullled in our
ase, sine the derivative of cs(T ) is always positive.
With the help of the substitutions:
v = tanh θ, a± = exp(Φ± θ), (8)
the sum and the dierene of the rst two equations in
(3) may be rewritten as
∂a±
∂t
+
(v ± cs)
(1± csv)
cosα
∂a±
∂r
+
(v ± cs)
(1± csv)
sinα
r
∂a±
∂φ
−
csv
(1± csv)
(
sinα
∂α
∂r
−
cosα
r
∂α
∂φ
)
a±
+
cs
(1± csv)
[
1
t
+
v cosα
r
]
a± = 0, (9)
while the third equation in (3) is
∂α
∂t
=
(
1− v2
)
cs
v
(
sinα
∂Φ
∂r
−
cosα
r
∂Φ
∂φ
)
−v
(
cosα
∂α
∂r
+
sinα
r
∂α
∂φ
+
sinα
r
)
. (10)
Equations (9) and (10) are three equations for three un-
known funtions: a+(t, r, φ), a−(t, r, φ), and α(t, r, φ).
We note, that the veloity v and the potential Φ are
funtions of a+ and a−,
v =
a+ − a−
a+ + a−
, Φ =
1
2
ln(a+a−). (11)
3Similarly, the sound veloity appearing in Eqs. (9) and
(10) may be also represented as a funtion of a+ and a−,
cs(T ) = cs
{
TΦ
[
1
2
ln(a+a−)
]}
. (12)
III. BOUNDARY CONDITIONS
A. With ylindrial symmetry
In the speial ase of the ylindrial symmetry all terms
in Eq. (10) vanish (∂Φ/∂φ = 0 and α = 0, sine we do
not onsider the possibility that the system rotates as a
whole with α = π/2), whereas Eqs. (9) are redued to
Eqs. (2.24) of Ref. [12℄
∂a±
∂t
+
(v ± cs)
(1± csv)
∂a±
∂r
+
cs
(1± csv)
[
1
t
+
v
r
]
a± = 0. (13)
Due to the symmetry reasons, the veloity v should van-
ish at r = 0,
v(t, r = 0) = 0. (14)
This ondition is ahieved by demanding that the two
funtions a+(t, r) and a−(t, r) may be expressed in terms
of a single funtion a(t, r) with the help of the presrip-
tion
a+(t, r) = a(t, r), r > 0,
a−(t, r) = a(t,−r), r < 0. (15)
The ansatz (15) and the struture of Eqs. (13) indiate
that the equation for a−(t, r) may be obtained from the
equation for a+(t, r) by the substitution: r → −r. This
observation further means that two equations (13) may
be redued to a single equation for the funtion a(t, r)
with the range of the variable r extended to negative
values,
0 =
∂a
∂t
+
(v + cs)
(1 + csv)
∂a
∂r
+
cs
(1 + csv)
[
1
t
+
v
r
]
a. (16)
Furthermore, the ansatz (15) and Eq. (11) automatially
yield the desired boundary ondition for the temperature
∂T (t, r)
∂r
∣∣∣∣
r=0
= 0. (17)
The sheme presented above is the basis of the approah
used in Ref. [12℄. Below we develop the analogous sheme
for ylindrially non-symmetri systems.
B. Without ylindrial symmetry
In this paper we onsider the ollisions of idential nu-
lei with atomi number A whih ollide moving initially
a  +  ( t ,  r ,  f )  =  a  ( t ,  r ,  f )
a  _  ( t ,  r ,  f )  =  a  ( t , -  r ,  f )
a  ( t ,  r ,  f )
r
 a  ( t ,  r ,  f )
FIG. 3: Constrution of the funtions a+(t, r, φ) and
a−(t, r, φ) with the help of the funtion a(t, r, φ). The fun-
tion α(t, r, φ) is symmetrially extended to negative values of
r.
along the z-axis. The impat parameter b points in the
x-diretion. The enter of the rst nuleus in the trans-
verse plane is plaed at x1 = (x1, y1) = (−b/2, 0), and of
the seond nuleus at x2 = (x2, y2) = (b/2, 0). In suh a
ase, similarly to the symmetri ase onsidered above,
we also require that the magnitude of the ow vanishes
at x = (x, y) = (0, 0), i.e., for r = 0 we have
v(t, r = 0, φ) = 0. (18)
This ondition is fullled naturally by the ansatz analo-
gous to Eq. (15), namely
a+(t, r, φ) = a(t, r, φ), r > 0,
a−(t, r, φ) = a(t,−r, φ), r < 0. (19)
We supplement the ansatz (19) by the denition of the
funtion α(t, r, φ) for the negative arguments, see Fig. 3,
α(t,−r, φ) = α(t, r, φ), r > 0. (20)
With the help of the denitions (19) and (20), Eqs. (9)
may be redued to a single equation for the funtion
a(t, r, φ),
∂a
∂t
+
(v + cs)
(1 + csv)
cosα
∂a
∂r
+
(v + cs)
(1 + csv)
sinα
r
∂a
∂φ
−
csv
(1 + csv)
(
sinα
∂α
∂r
−
cosα
r
∂α
∂φ
)
a
+
cs
(1 + csv)
[
1
t
+
v cosα
r
]
a = 0, (21)
Here, similarly to the ylindrially symmetri ase, the
range of the variable r is extended to negative values.
Eq. (21) should be solved together with Eq. (10), where
the range of r may be also extended trivially to negative
values (denitions (19) and (20) imply that this equa-
tion is in fat invariant under transformation: r → −r).
The use of the polar oordinates in the transverse plane
4requires also that all funtions at φ = 0 and φ = 2π
are equal: a(t, r, 0) = a(t, r, 2π), α(t, r, 0) = α(t, r, 2π).
We also note that Eqs. (19) and (20) yield the following
boundary onditions for the temperature and the fun-
tion α(t, r, φ),
∂T (t, r, φ)
∂r
∣∣∣∣
r=0
= 0,
∂α(t, r, φ)
∂r
∣∣∣∣
r=0
= 0. (22)
In addition, multiplying the equation for a+ in (9) by a−
and subtrating the equation for a− multiplied by a+ one
nds
1
r
∂T (t, r, φ)
∂φ
∣∣∣∣
r=0
= 0. (23)
IV. INITIAL CONDITIONS
A. Temperature
In the following we assume that the hydrodynami evo-
lution starts at a typial time t = t0 = 1 fm. We assume
also that the initial temperature prole is onneted with
the number of partiipating nuleons
T (t0, x, y) = onst
(
dNp
dx dy
)1/3
, (24)
where we use the formula [1℄
dNp
dx dy
= TA
(
b
2
+ x
){
1−
[
1−
σin
A
TA
(
−
b
2
+ x
)]A}
+TA
(
−
b
2
+ x
){
1−
[
1−
σin
A
TA
(
b
2
+ x
)]A}
.
(25)
In Eq. (25) σin = 40 mb is the inelasti nuleon-nuleon
ross setion and TA (x, y) is the nuleus thikness fun-
tion
TA(x, y) =
∫
dz ρ (x, y, z) . (26)
Here ρ(r) is the nulear density prole given by the
Woods-Saxon funtion with a onventional hoie of the
parameters used for the gold nuleus:
ρ0 = 0.17 fm
−3,
r0 = (1.12A
1/3 − 0.86A−1/3) fm,
a = 0.54 fm, A = 197. (27)
The idea to use Eq. (24) follows from the assumption
that the initially produed entropy density σ(t0, x, y) is
proportional to the number of the nuleons partiipating
in the ollision at the position (x, y). Sine the onsid-
ered systems are initially very hot (with the temperature
exeeding the ritial temperature Tc), they may be on-
sidered as systems of massless partiles, where the en-
tropy density is proportional to the third power of the
temperature. In this way we arrive at Eq. (24).
B. Veloity
The initial form of the funtions v(t, r, φ) and α(t, r, φ)
is
v(t0, r, φ) = v 0(r) =
H0r√
1 +H20r
2
,
α(t0, r, φ) = 0, (28)
where H0 is a parameter dening the initial transverse
ow formed in the pre-equilibrium stage. In the present
alulations we use a very small value H0 =0.001 fm
−1
.
We note that the nite value of the initial transverse ow
makes all the terms on the right-hand-side of Eq. (10)
nite for r > 0. At r = 0 these terms are also nite due
to the boundary onditions (18) and (23).
The two initial onditions, Eqs. (24) and (28), may
be inluded in the initial form of the funtion a(r) if we
dene
a(t = t0, r, φ) = aT (r, φ)
√
1 + v 0(r)√
1− v 0(r)
, (29)
where
aT (r, φ) = exp
{
ΦT
[
onst
(
dNp
dx dy
)1/3]}
. (30)
V. RESULTS
The examples of our results are shown in Figs. 4 -
6. The three sets of plots orrespond to three dierent
values of the impat parameter; b = 3.9, 7.1, and 9.2 fm.
These values are typial for the three entrality lasses:
c = 0 − 20%, c = 20 − 40%, and c = 40 − 60%. The
relation between the (average) impat parameter and the
entrality lass is obtained from the formula,
b =
1
cmax − cmin
∫ cmax
cmin
dc b(c) =
4r0
3
c
3/2
max − c
3/2
min
cmax − cmin
, (31)
where the geometri relation between the entrality and
the impat parameter is used, c = b2/(4r20) [17℄. In all
onsidered ases the initial entral temperature equals
twie the ritial temperature, T0 = T (t0, 0, 0) = 2Tc.
The parts a) of Figs. 4 - 6 show the temperature pro-
les for dierent values of time: t = 1, 4, 7, 10, 13, 16 fm.
The solid lines represent the temperature proles along
the x-axis (φ = 0), while the dashed lines represent the
proles along the y-axis (φ = π/2). One an observe that
during the whole onsidered evolution time, 1 fm < t <
16 fm, the y-extension of the system remains larger than
the x-extension. However, the relative magnitude of this
eet dereases with time, indiating that the ylindri-
al symmetry is gradually restored as the time inreases.
In these parts of the plots one an also notie the eet
of the phase transition; initially the system ools down
5rather rapidly, later the ooling down is delayed and the
main visible eet is the inrease of the volume of the sys-
tem. We note that this behavior is related to the sudden
derease of the sound veloity in the region T ≈ Tc.
The parts b) of Figs. 4 - 6 show the isotherms in the t−
r spae, again for φ = 0 (solid lines) and φ = π/2 (dashed
lines). The pairs of isotherms indiate dierent values of
the temperature. They start at T = 1.8Tc and go down
to T = 0.2Tc, with a step of 0.2Tc. It is interesting to
observe (espeially for b = 7.1 fm and 9.2 fm) that the
solid and dashed lines ross eah other. This eet means
that the entral (relatively hotter) part of the system
aquires a pumpkin-like shape during the evolution of
the system. Suh pumpkin-like regions, however, shrink
and disappear during further expansion.
In the parts ) of Figs. 4 - 6 the proles of the fun-
tion α(t, r, φ) are shown for t = 1, 4, 7, 10, 13, 16 fm and
φ = π/4. For φ = 0 and φ = π/2 the funtion α(t, r, φ)
vanishes due to the symmetry reasons. In the rst and
third quadrant the values of α are predominantly nega-
tive, while in the seond and fourth quadrant the values
of α are positive. This behavior haraterizes the dire-
tion of the ow whih has the tendeny to hange the ini-
tial almond shape into a ylindrially symmetri shape.
We have heked that positive values of α at φ = π/4,
seen at the edge of the system, are aused by the over-
lapping tails of the Woods-Saxon distributions.
In the parts d) the veloity proles are shown, again
for t = 1, 4, 10, 16 fm. Similarly to the previously dis-
ussed gures, the solid lines are the proles for φ = 0
(x-diretion), whereas the dashed lines are the proles for
φ = π/2 (y-diretion). One an observe that the magni-
tude in the x-diretion is larger than the magnitude in the
y-diretion, whih is an expeted hydrodynami behav-
ior aused by larger pressure gradients in the x-diretion.
Exatly this eet is responsible for the observed az-
imuthal asymmetry of the transverse-momentum spetra,
quantied by the values of the v2 oeient.
Finally, in the parts e) we show the ontour lines of
the temperature, again for dierent values of time. These
plots visualize the time development of the system. The
arrows desribe the magnitude and the diretion of the
ow (for better reognition the angle α is magnied by a
fator of 3).
VI. SUMMARY
In this paper we introdued a new and onise
treatment of the boost-invariant and ylindrially non-
symmetri relativisti hydrodynami equations. This ap-
proah may be used to desribe the evolution of matter
produed in the entral region of ultra-relativisti heavy-
ion ollisions, suh as investigated in the present RHIC
or future LHC experiments. The presented formalism
is a diret generalization of the approah introdued by
Baym et al. in Ref. [12℄. In the studied ase, the symme-
try of the problem allows us to rewrite the hydrodynami
equations as only two oupled dierential equations, (10)
and (21), whih automatially lead to the fulllment of
the requested boundary onditions for the veloity and
the temperature at the enter of the system. The ef-
fets of the phase transition are inluded in this sheme
by the use of the temperature dependent sound velo-
ity. As long as the sound veloity satises the ondition
against the shok formation, the resulting hydrodynami
equations may be solved numerially with the help of the
standard methods. We note that besides the sound ve-
loity, no other thermodynami variables are neessary
for solving the hydrodynami equations in this ase. The
presented results of the hydrodynami alulations, sup-
plemented with the appropriate freeze-out model, may
be used to alulate dierent physial observables. In
partiular, the oeient of the ellipti-ow, v2, may be
extrated. To ahieve this task, in the losest future we
intend to ombine our hydrodynami approah with the
statistial Monte-Carlo model THERMINATOR [18℄.
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6FIG. 4: Time development of matter haraterized by the initial onditions (28)  (30) with H0 = 0.001fm
−1
,
T0 = T (t0, 0, 0) = 2 Tc, and b = 3.9 fm.
7FIG. 5: Same as Fig. 4 but with b = 7.1 fm.
8FIG. 6: Same as Fig. 4 but with b = 9.2 fm.
